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Answer all questions.

1 The function yðxÞ satisfies the differential equation

dy

dx
¼ fðx, yÞ

where fðx, yÞ ¼ lnð1þ x2 þ yÞ

and yð1Þ ¼ 0:6

(a) Use the Euler formula

yrþ1 ¼ yr þ h fðxr, yrÞ

with h ¼ 0:05 , to obtain an approximation to yð1:05Þ , giving your answer to four

decimal places. (3 marks)

(b) Use the improved Euler formula

yrþ1 ¼ yr þ
1
2
ðk1 þ k2Þ

where k1 ¼ h fðxr, yrÞ and k2 ¼ h fðxr þ h, yr þ k1Þ and h ¼ 0:05 , to obtain an

approximation to yð1:05Þ , giving your answer to four decimal places. (6 marks)

2 A curve has polar equation rð1� sin yÞ ¼ 4 . Find its cartesian equation in the

form y ¼ fðxÞ . (6 marks)

3 (a) Show that x2 is an integrating factor for the first-order differential equation

dy

dx
þ 2

x
y ¼ 3ðx3 þ 1Þ

1
2 (3 marks)

(b) Solve this differential equation, given that y ¼ 1 when x ¼ 2 . (6 marks)

PMT
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4 (a) Explain why

ð e
0

ln xffiffiffi
x
p dx is an improper integral. (1 mark)

(b) Use integration by parts to find

ð
x
�1
2 ln x dx . (3 marks)

(c) Show that

ð e
0

ln xffiffiffi
x
p dx exists and find its value. (4 marks)

5 Find the general solution of the differential equation

d2y

dx2
� 4

dy

dx
þ 3y ¼ 6þ 5 sin x (12 marks)

6 The function f is defined by fðxÞ ¼ ð1þ 2xÞ
1
2 .

(a) (i) Find f 0 0 0ðxÞ . (4 marks)

(ii) Using Maclaurin’s theorem, show that, for small values of x ,

fðxÞ � 1þ x� 1
2
x2 þ 1

2
x3 (4 marks)

(b) Use the expansion of ex together with the result in part (a)(ii) to show that, for small

values of x ,

exð1þ 2xÞ
1
2 � 1þ 2xþ x2 þ kx3

where k is a rational number to be found. (3 marks)

(c) Write down the first four terms in the expansion, in ascending powers of x, of e2x .

(1 mark)

(d) Find

lim
x! 0

exð1þ 2xÞ
1
2 � e2x

1� cos x (4 marks)

Turn over for the next question

Turn over

s
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7 A curve C has polar equation

r ¼ 6þ 4 cos y, � p4y4 p

The diagram shows a sketch of the curve C, the pole O and the initial line.

(a) Calculate the area of the region bounded by the curve C . (6 marks)

(b) The point P is the point on the curve C for which y ¼ 2p
3
.

The point Q is the point on C for which y ¼ p .

Show that QP is parallel to the line y ¼ p
2
. (4 marks)

(c) The line PQ intersects the curve C again at a point R .

The line RO intersects C again at a point S .

(i) Find, in surd form, the length of PS . (4 marks)

(ii) Show that the angle OPS is a right angle. (1 mark)

END OF QUESTIONS

Copyright � 2007 AQA and its licensors. All rights reserved.

O

Initial line
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Answer all questions.

1 (a) Find the value of the constant k for which kx2e5x is a particular integral of the

differential equation

d2y

dx2
� 10

dy

dx
þ 25y ¼ 6e5x (6 marks)

(b) Hence find the general solution of this differential equation. (4 marks)

2 The function yðxÞ satisfies the differential equation

dy

dx
¼ fðx, yÞ

where fðx, yÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ 3

q

and yð1Þ ¼ 2

(a) Use the Euler formula

yrþ1 ¼ yr þ hfðxr, yrÞ

with h ¼ 0:1 , to obtain an approximation to yð1:1Þ , giving your answer to four decimal

places. (3 marks)

(b) Use the improved Euler formula

yrþ1 ¼ yr þ
1
2
ðk1 þ k2Þ

where k1 ¼ hfðxr, yrÞ and k2 ¼ hfðxr þ h, yr þ k1Þ and h ¼ 0:1 , to obtain an

approximation to yð1:1Þ , giving your answer to four decimal places. (6 marks)

3 By using an integrating factor, find the solution of the differential equation

dy

dx
þ ðtan xÞy ¼ sec x

given that y ¼ 3 when x ¼ 0 . (8 marks)

PMT
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4 (a) Show that ðcos y þ sin yÞ2 ¼ 1þ sin 2y . (1 mark)

(b) A curve has cartesian equation

ðx2 þ y2Þ3 ¼ ðxþ yÞ4

Given that r5 0 , show that the polar equation of the curve is

r ¼ 1þ sin 2y (4 marks)

(c) The curve with polar equation

r ¼ 1þ sin 2y, � p4y4 p

is shown in the diagram.

(i) Find the two values of y for which r ¼ 0 . (3 marks)

(ii) Find the area of one of the loops. (6 marks)

Turn over for the next question

O Initial line

Turn over

s
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5 (a) A differential equation is given by

ðx2 � 1Þ d
2y

dx2
� 2x

dy

dx
¼ x2 þ 1

Show that the substitution

u ¼ dy

dx
þ x

transforms this differential equation into

du

dx
¼ 2xu

x2 � 1
(4 marks)

(b) Find the general solution of

du

dx
¼ 2xu

x2 � 1

giving your answer in the form u ¼ fðxÞ . (5 marks)

(c) Hence find the general solution of the differential equation

ðx2 � 1Þ d
2y

dx2
� 2x

dy

dx
¼ x2 þ 1

giving your answer in the form y ¼ gðxÞ . (3 marks)
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6 (a) The function f is defined by

fðxÞ ¼ lnð1þ exÞ

Use Maclaurin’s theorem to show that when fðxÞ is expanded in ascending powers of x :

(i) the first three terms are

ln 2þ 1
2
xþ 1

8
x2 (6 marks)

(ii) the coefficient of x3 is zero. (3 marks)

(b) Hence write down the first two non-zero terms in the expansion, in ascending powers

of x , of ln
1þ ex

2

� �
. (1 mark)

(c) Use the series expansion

lnð1þ xÞ ¼ x� 1
2
x2 þ 1

3
x3 � :::

to write down the first three terms in the expansion, in ascending powers of x ,

of ln 1� x

2

� �
. (1 mark)

(d) Use your answers to parts (b) and (c) to find

lim
x! 0

ln
1þ ex

2

� �
þ ln 1� x

2

� �

x� sin x

2
664

3
775 (4 marks)

7 (a) Write down the value of

lim
x!1

xe�x (1 mark)

(b) Use the substitution u ¼ xe�x þ 1 to find

ð
e�xð1� xÞ
xe�x þ 1

dx . (2 marks)

(c) Hence evaluate

ð1
1

1� x

xþ ex
dx , showing the limiting process used. (4 marks)
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Answer all questions.

1 The function yðxÞ satisfies the differential equation

dy

dx
¼ fðx, yÞ

where fðx, yÞ ¼ x2 � y2

and yð2Þ ¼ 1

(a) Use the Euler formula

yrþ1 ¼ yr þ hfðxr, yrÞ

with h ¼ 0:1 , to obtain an approximation to yð2:1Þ . (3 marks)

(b) Use the formula

yrþ1 ¼ yr�1 þ 2hfðxr, yrÞ

with your answer to part (a), to obtain an approximation to yð2:2Þ . (3 marks)
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2 The diagram shows a sketch of part of the curve C whose polar equation is r ¼ 1þ tan y .
The point O is the pole.

The points P and Q on the curve are given by y ¼ 0 and y ¼ p
3

respectively.

(a) Show that the area of the region bounded by the curve C and the lines OP and OQ is

1
2

ffiffiffi
3
p
þ ln 2 (6 marks)

(b) Hence find the area of the shaded region bounded by the line PQ and the arc PQ of C.

(3 marks)

3 (a) Find the general solution of the differential equation

d2y

dx2
þ 4

dy

dx
þ 5y ¼ 5 (6 marks)

(b) Hence express y in terms of x, given that y ¼ 2 and
dy

dx
¼ 3 when x ¼ 0 . (4 marks)

4 (a) Explain why

ð1
1

xe�3x dx is an improper integral. (1 mark)

(b) Find

ð
xe�3x dx . (3 marks)

(c) Hence evaluate

ð1
1

xe�3x dx , showing the limiting process used. (3 marks)

C

O P
Initial line

Q

Turn over

s

PMT



4

P97604/Jan08/MFP3

5 By using an integrating factor, find the solution of the differential equation

dy

dx
þ 4x

x2 þ 1
y ¼ x

given that y ¼ 1 when x ¼ 0 . Give your answer in the form y ¼ fðxÞ . (9 marks)

6 A curve C has polar equation

r2 sin 2y ¼ 8

(a) Find the cartesian equation of C in the form y ¼ fðxÞ . (3 marks)

(b) Sketch the curve C. (1 mark)

(c) The line with polar equation r ¼ 2 sec y intersects C at the point A. Find the

polar coordinates of A. (4 marks)

7 (a) (i) Write down the expansion of lnð1þ 2xÞ in ascending powers of x up to and

including the term in x3 . (2 marks)

(ii) State the range of values of x for which this expansion is valid. (1 mark)

(b) (i) Given that y ¼ ln cos x , find
dy

dx
,
d2y

dx2
and

d3y

dx3
. (4 marks)

(ii) Find the value of
d4y

dx4
when x ¼ 0 . (3 marks)

(iii) Hence, by using Maclaurin’s theorem, show that the first two non-zero terms in

the expansion, in ascending powers of x, of ln cos x are

� x2

2
� x4

12
(2 marks)

(c) Find

lim
x! 0

x lnð1þ 2xÞ
x2 � ln cos x

� �
(3 marks)
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8 (a) Given that x ¼ et and that y is a function of x, show that:

(i) x
dy

dx
¼ dy

dt
; (3 marks)

(ii) x2
d2y

dx2
¼ d2y

dt2
� dy

dt
. (3 marks)

(b) Hence find the general solution of the differential equation

x2
d2y

dx2
� 6x

dy

dx
þ 6y ¼ 0 (5 marks)

END OF QUESTIONS
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Answer all questions.

1 The function yðxÞ satisfies the differential equation

dy

dx
¼ fðx, yÞ

where fðx, yÞ ¼ lnðxþ yÞ

and yð2Þ ¼ 3

Use the improved Euler formula

yrþ1 ¼ yr þ
1
2
ðk1 þ k2Þ

where k1 ¼ hfðxr, yrÞ and k2 ¼ hfðxr þ h, yr þ k1Þ and h ¼ 0:1 , to obtain an approximation

to yð2:1Þ , giving your answer to four decimal places. (6 marks)

2 (a) Find the values of the constants a, b, c and d for which aþ bxþ c sin xþ d cos x is a

particular integral of the differential equation

dy

dx
� 3y ¼ 10 sin x� 3x (4 marks)

(b) Hence find the general solution of this differential equation. (3 marks)

3 (a) Show that x2 ¼ 1� 2y can be written in the form x2 þ y2 ¼ ð1� yÞ2 . (1 mark)

(b) A curve has cartesian equation x2 ¼ 1� 2y .

Find its polar equation in the form r ¼ fðyÞ , given that r > 0 . (5 marks)
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4 (a) A differential equation is given by

x
d2y

dx2
� dy

dx
¼ 3x2

Show that the substitution

u ¼ dy

dx

transforms this differential equation into

du

dx
� 1

x
u ¼ 3x (2 marks)

(b) By using an integrating factor, find the general solution of

du

dx
� 1

x
u ¼ 3x

giving your answer in the form u ¼ fðxÞ . (6 marks)

(c) Hence find the general solution of the differential equation

x
d2y

dx2
� dy

dx
¼ 3x2

giving your answer in the form y ¼ gðxÞ . (2 marks)

5 (a) Find

ð
x3 ln x dx . (3 marks)

(b) Explain why

ðe
0
x3 ln x dx is an improper integral. (1 mark)

(c) Evaluate

ðe
0
x3 ln x dx , showing the limiting process used. (3 marks)

6 (a) Find the general solution of the differential equation

d2y

dx2
� 2

dy

dx
� 3y ¼ 10e�2x � 9 (10 marks)

(b) Hence express y in terms of x, given that y ¼ 7 when x ¼ 0 and that
dy

dx
! 0

as x!1 . (4 marks)

Turn over for the next question

Turn over
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7 (a) Write down the expansion of sin 2x in ascending powers of x up to and including the

term in x3 . (1 mark)

(b) (i) Given that y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ ex
p

, find the values of
dy

dx
and

d2y

dx2
when x ¼ 0 . (5 marks)

(ii) Using Maclaurin’s theorem, show that, for small values of x,

ffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ ex
p

� 2þ 1
4
xþ 7

64
x2 (2 marks)

(c) Find

lim
x! 0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ ex
p

� 2

sin 2x

� �
(3 marks)

8 The polar equation of a curve C is

r ¼ 5þ 2 cos y, �p4y4 p

(a) Verify that the points A and B, with polar coordinates ð7, 0Þ and ð3,pÞ respectively,

lie on the curve C. (2 marks)

(b) Sketch the curve C. (2 marks)

(c) Find the area of the region bounded by the curve C. (6 marks)

(d) The point P is the point on the curve C for which y ¼ a , where 0< a4
p
2
. The

point Q lies on the curve such that POQ is a straight line, where the point O is the

pole. Find, in terms of a , the area of triangle OQB . (4 marks)

END OF QUESTIONS
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Answer all questions.

1 The function yðxÞ satisfies the differential equation

dy

dx
¼ fðx, yÞ

where fðx, yÞ ¼ x2 þ y2

xþ y

and yð1Þ ¼ 3

(a) Use the Euler formula

yrþ1 ¼ yr þ hfðxr, yrÞ

with h ¼ 0:2 , to obtain an approximation to yð1:2Þ . (3 marks)

(b) Use the improved Euler formula

yrþ1 ¼ yr þ
1
2
ðk1 þ k2Þ

where k1 ¼ hfðxr, yrÞ and k2 ¼ hfðxr þ h, yr þ k1Þ and h ¼ 0:2 , to obtain an

approximation to yð1:2Þ , giving your answer to four decimal places. (5 marks)

2 (a) Show that
1

x2
is an integrating factor for the first-order differential equation

dy

dx
� 2

x
y ¼ x (3 marks)

(b) Hence find the general solution of this differential equation, giving your answer in the

form y ¼ fðxÞ . (4 marks)
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3 The diagram shows a sketch of a loop, the pole O and the initial line.

The polar equation of the loop is

r ¼ ð2þ cos yÞ
ffiffiffiffiffiffiffiffiffiffi
sin y
p

, 04y4 p

Find the area enclosed by the loop. (6 marks)

4 (a) Use integration by parts to show that

ð
ln x dx ¼ x ln x� xþ c , where c is an arbitrary

constant. (2 marks)

(b) Hence evaluate

ð1
0
ln x dx , showing the limiting process used. (4 marks)

5 The diagram shows a sketch of a curve C, the pole O and the initial line.

The curve C has polar equation

r ¼ 2

3þ 2 cos y
, 04y4 2p

(a) Verify that the point L with polar coordinates ð2, pÞ lies on C. (1 mark)

(b) The circle with polar equation r ¼ 1 intersects C at the points M and N .

(i) Find the polar coordinates of M and N . (3 marks)

(ii) Find the area of triangle LMN . (4 marks)

(c) Find a cartesian equation of C, giving your answer in the form 9y2 ¼ fðxÞ . (5 marks)

Turn over for the next question

O Initial line

O Initial line

Turn over

s

PMT



4

P12640/Jan09/MFP3

6 The function f is defined by fðxÞ ¼ e2xð1þ 3xÞ�
2
3 .

(a) (i) Use the series expansion for ex to write down the first four terms in the series

expansion of e2x . (2 marks)

(ii) Use the binomial series expansion of ð1þ 3xÞ�
2
3 and your answer to part (a)(i) to

show that the first three non-zero terms in the series expansion of fðxÞ are

1þ 3x2 � 6x3 . (5 marks)

(b) (i) Given that y ¼ lnð1þ 2 sin xÞ , find d2y

dx2
. (4 marks)

(ii) By using Maclaurin’s theorem, show that, for small values of x,

lnð1þ 2 sin xÞ � 2x� 2x2 (2 marks)

(c) Find

lim
x! 0

1� fðxÞ
x lnð1þ 2 sin xÞ (3 marks)

7 (a) Given that x ¼ et and that y is a function of x, show that

x2
d2y

dx2
¼ d2y

dt2
� dy

dt
(7 marks)

(b) Hence show that the substitution x ¼ et transforms the differential equation

x2
d2y

dx2
� 4x

dy

dx
¼ 10

into

d2y

dt2
� 5

dy

dt
¼ 10 (2 marks)

(c) Find the general solution of the differential equation
d2y

dt2
� 5

dy

dt
¼ 10 . (5 marks)

(d) Hence solve the differential equation x2
d2y

dx2
� 4x

dy

dx
¼ 10 , given that y ¼ 0 and

dy

dx
¼ 8

when x ¼ 1 . (5 marks)

END OF QUESTIONS
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Answer all questions.

1 The function yðxÞ satisfies the differential equation

dy

dx
¼ fðx, yÞ

where fðx, yÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ yþ 1

p

and yð3Þ ¼ 2

(a) Use the Euler formula

yrþ1 ¼ yr þ h fðxr, yrÞ

with h ¼ 0:1 , to obtain an approximation to yð3:1Þ , giving your answer to four

decimal places. (3 marks)

(b) Use the formula

yrþ1 ¼ yr�1 þ 2h fðxr, yrÞ

with your answer to part (a), to obtain an approximation to yð3:2Þ , giving your answer

to three decimal places. (3 marks)

2 By using an integrating factor, find the solution of the differential equation

dy

dx
� y tan x ¼ 2 sin x

given that y ¼ 2 when x ¼ 0 . (9 marks)
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3 The diagram shows a sketch of a circle which passes through the origin O.

The equation of the circle is ðx� 3Þ2 þ ðy� 4Þ2 ¼ 25 and OA is a diameter.

(a) Find the cartesian coordinates of the point A. (2 marks)

(b) Using O as the pole and the positive x-axis as the initial line, the polar coordinates of A

are ðk, aÞ .

(i) Find the value of k and the value of tan a . (2 marks)

(ii) Find the polar equation of the circle ðx� 3Þ2 þ ðy� 4Þ2 ¼ 25 , giving your

answer in the form r ¼ p cos y þ q sin y . (4 marks)

4 Evaluate the improper integral

ð1
1

1

x
� 4

4xþ 1

� �
dx

showing the limiting process used and giving your answer in the form ln k , where k is a

constant to be found. (5 marks)

5 It is given that y satisfies the differential equation

d2y

dx2
þ 2

dy

dx
þ 5y ¼ 8 sin xþ 4 cos x

(a) Find the value of the constant k for which y ¼ k sin x is a particular integral of the

given differential equation. (3 marks)

(b) Solve the differential equation, expressing y in terms of x, given that y ¼ 1 and
dy

dx
¼ 4 when x ¼ 0 . (8 marks)

y

O

A

x

Turn over
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6 The function f is defined by

fðxÞ ¼ ð9þ tan xÞ
1
2

(a) (i) Find f 0 0ðxÞ . (4 marks)

(ii) By using Maclaurin’s theorem, show that, for small values of x,

ð9þ tan xÞ
1
2 � 3þ x

6
� x2

216
(3 marks)

(b) Find

lim
x! 0

fðxÞ � 3

sin 3x

� �
(3 marks)

7 The diagram shows the curve C1 with polar equation

r ¼ 1þ 6e
� y

p , 04y4 2p

(a) Find, in terms of p and e, the area of the shaded region bounded by C1 and the initial

line. (5 marks)

(b) The polar equation of a curve C2 is

r ¼ e
y
p , 04y4 2p

Sketch the curve C2 and state the polar coordinates of the end-points of this curve.

(4 marks)

(c) The curves C1 and C2 intersect at the point P. Find the polar coordinates of P.

(5 marks)

Initial
line

O
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8 (a) Given that x ¼ t2 , where t5 0 , and that y is a function of x, show that:

(i) 2
ffiffiffi
x
p dy

dx
¼ dy

dt
; (3 marks)

(ii) 4x
d2y

dx2
þ 2

dy

dx
¼ d2y

dt2
. (3 marks)

(b) Hence show that the substitution x ¼ t2 , where t5 0 , transforms the differential

equation

4x
d2y

dx2
þ 2ð1þ 2

ffiffiffi
x
p
Þ dy
dx
� 3y ¼ 0

into

d2y

dt2
þ 2

dy

dt
� 3y ¼ 0 (2 marks)

(c) Hence find the general solution of the differential equation

4x
d2y

dx2
þ 2ð1þ 2

ffiffiffi
x
p
Þ dy
dx
� 3y ¼ 0

giving your answer in the form y ¼ gðxÞ . (4 marks)

END OF QUESTIONS
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Answer all questions.

1 The function yðxÞ satisfies the differential equation

dy

dx
¼ f ðx, yÞ

f ðx, yÞ ¼ x lnð2xþ yÞwhere

yð3Þ ¼ 2and

(a) Use the Euler formula

yrþ1 ¼ yr þ h f ðxr, yrÞ

with h ¼ 0:1 , to obtain an approximation to yð3:1Þ , giving your answer to four

decimal places. (3 marks)

(b) Use the improved Euler formula

yrþ1 ¼ yr þ
1
2
ðk1 þ k2Þ

where k1 ¼ h f ðxr, yrÞ and k2 ¼ h f ðxr þ h, yr þ k1Þ and h ¼ 0:1 , to obtain an

approximation to yð3:1Þ , giving your answer to four decimal places. (5 marks)

2 (a) Given that y ¼ lnð4þ 3xÞ , find dy

dx
and

d2y

dx2
. (3 marks)

(b) Hence, by using Maclaurin’s theorem, find the first three terms in the expansion, in

ascending powers of x, of lnð4þ 3xÞ . (2 marks)

(c) Write down the first three terms in the expansion, in ascending powers of x,

of lnð4� 3xÞ . (1 mark)

(d) Show that, for small values of x,

ln

�
4þ 3x

4� 3x

�
� 3

2
x (2 marks)
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3 (a) A differential equation is given by

x
d2y

dx2
þ 2

dy

dx
¼ 3x

Show that the substitution

u ¼ dy

dx

transforms this differential equation into

du

dx
þ 2

x
u ¼ 3 (2 marks)

(b) Find the general solution of

du

dx
þ 2

x
u ¼ 3

giving your answer in the form u ¼ f ðxÞ . (5 marks)

(c) Hence find the general solution of the differential equation

x
d2y

dx2
þ 2

dy

dx
¼ 3x

giving your answer in the form y ¼ gðxÞ . (2 marks)

4 (a) Write down the expansion of sin 3x in ascending powers of x up to and including the

term in x3 . (1 mark)

(b) Find

lim
x! 0

3x cos 2x� sin 3x

5x3

� �
(4 marks)

Turn over
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5 It is given that y satisfies the differential equation

d2y

dx2
þ 3

dy

dx
þ 2y ¼ 2e�2x

(a) Find the value of the constant p for which y ¼ pxe�2x is a particular integral of the

given differential equation. (4 marks)

(b) Solve the differential equation, expressing y in terms of x, given that y ¼ 2

and
dy

dx
¼ 0 when x ¼ 0 . (8 marks)

6 (a) Explain why

ð1
1

ln x2

x3
dx is an improper integral. (1 mark)

(b) (i) Show that the substitution y ¼ 1

x
transforms

ð
ln x2

x3
dx into

ð
2y ln y dy .

(2 marks)

(ii) Evaluate

ð1
0
2y ln y dy , showing the limiting process used. (5 marks)

(iii) Hence write down the value of

ð1
1

ln x2

x3
dx . (1 mark)

7 Find the general solution of the differential equation

d2y

dx2
þ 4y ¼ 8x2 þ 9 sin x (8 marks)
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8 The diagram shows a sketch of a curve C and a line L, which is parallel to the initial line

and touches the curve at the points P and Q.

The polar equation of the curve C is

r ¼ 4ð1� sin yÞ, 04y < 2p

and the polar equation of the line L is

r sin y ¼ 1

(a) Show that the polar coordinates of P are 2,
p
6

� �
and find the polar coordinates of Q.

(5 marks)

(b) Find the area of the shaded region R bounded by the line L and the curve C. Give your

answer in the form m
ffiffiffi
3
p
þ np , where m and n are integers. (11 marks)

END OF QUESTIONS
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1 The function yðxÞ satisfies the differential equation

dy

dx
¼ fðx, yÞ

where fðx, yÞ ¼ xþ 3þ sin y

and yð1Þ ¼ 1

(a) Use the Euler formula

yrþ1 ¼ yr þ hfðxr, yrÞ

with h ¼ 0:1 , to obtain an approximation to yð1:1Þ , giving your answer to four

decimal places. (3 marks)

(b) Use the formula

yrþ1 ¼ yr�1 þ 2hfðxr, yrÞ

with your answer to part (a), to obtain an approximation to yð1:2Þ , giving your

answer to three decimal places. (3 marks)

2 (a) Find the value of the constant k for which k sin 2x is a particular integral of the

differential equation

d2y

dx2
þ y ¼ sin 2x (3 marks)

(b) Hence find the general solution of this differential equation. (4 marks)

3 (a) Explain why

ð1
1

4xe�4x dx is an improper integral. (1 mark)

(b) Find

ð
4xe�4x dx . (3 marks)

(c) Hence evaluate

ð1
1

4xe�4x dx , showing the limiting process used. (3 marks)
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4 By using an integrating factor, find the solution of the differential equation

dy

dx
þ 3

x
y ¼ ðx4 þ 3Þ

3
2

given that y ¼ 1
5
when x ¼ 1 . (9 marks)

5 (a) Write down the expansion of cos 4x in ascending powers of x up to and including

the term in x4 . Give your answer in its simplest form. (2 marks)

(b) (i) Given that y ¼ lnð2� exÞ , find dy

dx
,
d2y

dx2
and

d3y

dx3
.

ðYou may leave your expression for
d3y

dx3
unsimplified.Þ (6 marks)

(ii) Hence, by using Maclaurin’s theorem, show that the first three non-zero terms in the

expansion, in ascending powers of x, of lnð2� exÞ are

�x� x2 � x3 (2 marks)

(c) Find

lim
x! 0

x lnð2� exÞ
1� cos 4x

� �
(3 marks)

6 The polar equation of a curve C1 is

r ¼ 2ðcos y � sin yÞ, 04y4 2p

(a) (i) Find the cartesian equation of C1 . (4 marks)

(ii) Deduce that C1 is a circle and find its radius and the cartesian coordinates of its

centre. (3 marks)
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(b) The diagram shows the curve C2 with polar equation

r ¼ 4þ sin y, 04y4 2p

(i) Find the area of the region that is bounded by C2 . (6 marks)

(ii) Prove that the curves C1 and C2 do not intersect. (4 marks)

(iii) Find the area of the region that is outside C1 but inside C2 . (2 marks)

7 (a) Given that x ¼ t
1
2 , x > 0 , t > 0 and y is a function of x, show that:

(i)
dy

dx
¼ 2t

1
2
dy

dt
; (2 marks)

(ii)
d2y

dx2
¼ 4t

d2y

dt2
þ 2

dy

dt
. (3 marks)

(b) Hence show that the substitution x ¼ t
1
2 transforms the differential equation

x
d2y

dx2
� ð8x2 þ 1Þ dy

dx
þ 12x3y ¼ 12x5

into

d2y

dt2
� 4

dy

dt
þ 3y ¼ 3t (2 marks)

(c) Hence find the general solution of the differential equation

x
d2y

dx2
� ð8x2 þ 1Þ dy

dx
þ 12x3y ¼ 12x5

giving your answer in the form y ¼ fðxÞ . (7 marks)

END OF QUESTIONS
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1 The function yðxÞ satisfies the differential equation

dy

dx
¼ fðx, yÞ

where fðx, yÞ ¼ xþ ffiffiffi
y
p

and yð3Þ ¼ 4

Use the improved Euler formula

yrþ1 ¼ yr þ 1
2
ðk1 þ k2Þ

where k1 ¼ hfðxr, yrÞ and k2 ¼ hfðxr þ h, yr þ k1Þ and h ¼ 0:1 , to obtain an

approximation to yð3:1Þ , giving your answer to three decimal places. (5 marks)

2 (a) Find the values of the constants p and q for which p sin xþ q cos x is a particular

integral of the differential equation

dy

dx
þ 5y ¼ 13 cos x (3 marks)

(b) Hence find the general solution of this differential equation. (3 marks)

3 A curve C has polar equation rð1þ cos yÞ ¼ 2 .

(a) Find the cartesian equation of C , giving your answer in the form y2 ¼ fðxÞ .
(5 marks)

(b) The straight line with polar equation 4r ¼ 3 sec y intersects the curve C at the points

P and Q . Find the length of PQ . (4 marks)

4 By using an integrating factor, find the solution of the differential equation

dy

dx
� 2

x
y ¼ 2x3e2x

given that y ¼ e4 when x ¼ 2 . Give your answer in the form y ¼ fðxÞ . (9 marks)
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5 (a) Write
4

4xþ 1
� 3

3xþ 2
in the form

C

ð4xþ 1Þð3xþ 2Þ , where C is a constant.

(1 mark)

(b) Evaluate the improper integral

ð1
1

10

ð4xþ 1Þð3xþ 2Þ dx

showing the limiting process used and giving your answer in the form ln k , where k

is a constant. (6 marks)

6 The diagram shows a sketch of a curve C.

The polar equation of the curve is

r ¼ 2 sin 2y
ffiffiffiffiffiffiffiffiffiffi
cos y
p

, 04y4
p
2

Show that the area of the region bounded by C is
16
15

. (7 marks)

7 (a) Write down the expansions in ascending powers of x up to and including the term

in x3 of:

(i) cos xþ sin x ; (1 mark)

(ii) lnð1þ 3xÞ . (1 mark)

(b) It is given that y ¼ etan x .

(i) Find
dy

dx
and show that

d2y

dx2
¼ ð1þ tan xÞ2 dy

dx
. (5 marks)

(ii) Find the value of
d3y

dx3
when x ¼ 0 . (2 marks)
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(iii) Hence, by using Maclaurin’s theorem, show that the first four terms in the expansion,

in ascending powers of x, of etan x are

1þ xþ 1
2
x2 þ 1

2
x3 (2 marks)

(c) Find

lim
x! 0

etan x � ðcos xþ sin xÞ
x lnð1þ 3xÞ

� �
(3 marks)

8 (a) Given that x ¼ e t and that y is a function of x , show that

x
dy

dx
¼ dy

dt
(2 marks)

(b) Hence show that the substitution x ¼ e t transforms the differential equation

x2
d2y

dx2
� 3x

dy

dx
þ 4y ¼ 2 ln x

into

d2y

dt2
� 4

dy

dt
þ 4y ¼ 2t (5 marks)

(c) Find the general solution of the differential equation

d2y

dt2
� 4

dy

dt
þ 4y ¼ 2t (6 marks)

(d) Hence solve the differential equation x2
d2y

dx2
� 3x

dy

dx
þ 4y ¼ 2 ln x , given

that y ¼ 3

2
and

dy

dx
¼ 1

2
when x ¼ 1 . (5 marks)
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1 The function yðxÞ satisfies the differential equation

dy

dx
¼ fðx, yÞ

where fðx, yÞ ¼ xþ lnð1þ yÞ

and yð2Þ ¼ 1

Use the improved Euler formula

yrþ1 ¼ yr þ 1
2
ðk1 þ k2Þ

where k1 ¼ hfðxr, yrÞ and k2 ¼ hfðxr þ h, yr þ k1Þ and h ¼ 0:2 , to obtain an

approximation to yð2:2Þ , giving your answer to four decimal places. (5 marks)

2 (a) Find the values of the constants p and q for which pþ qxe�2x is a particular integral

of the differential equation

d2y

dx2
þ dy

dx
� 2y ¼ 4� 9e�2x (5 marks)

(b) Hence find the general solution of this differential equation. (3 marks)

(c) Hence express y in terms of x, given that y ¼ 4 when x ¼ 0 and that
dy

dx
! 0

as x!1 . (4 marks)

3 (a) Find

ð
x2 ln x dx . (3 marks)

(b) Explain why

ð e
0
x2 ln x dx is an improper integral. (1 mark)

(c) Evaluate

ð e
0
x2 ln x dx , showing the limiting process used. (3 marks)
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4 By using an integrating factor, find the solution of the differential equation

dy

dx
þ ðcot xÞy ¼ sin 2x , 0 < x <

p
2

given that y ¼ 1

2
when x ¼ p

6
. (10 marks)

5 (a) Given that y ¼ lnð1þ 2 tan xÞ , find dy

dx
and

d2y

dx2
.

(You may leave your expression for
d2y

dx2
unsimplified.) (4 marks)

(b) Hence, using Maclaurin’s theorem, find the first two non-zero terms in the expansion,

in ascending powers of x, of lnð1þ 2tanxÞ . (2 marks)

(c) Find

lim
x! 0

lnð1þ 2tanxÞ
lnð1� xÞ

� �
(4 marks)

6 A differential equation is given by

ðx3 þ 1Þ d
2y

dx2
� 3x2

dy

dx
¼ 2� 4x3

(a) Show that the substitution

u ¼ dy

dx
� 2x

transforms this differential equation into

ðx3 þ 1Þ du
dx
¼ 3x2u (4 marks)

(b) Hence find the general solution of the differential equation

ðx3 þ 1Þ d
2y

dx2
� 3x2

dy

dx
¼ 2� 4x3

giving your answer in the form y ¼ fðxÞ . (8 marks)
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7 The curve C1 is defined by r ¼ 2 sin y, 04y <
p
2
.

The curve C2 is defined by r ¼ tan y, 04y <
p
2
.

(a) Find a cartesian equation of C1 . (3 marks)

(b) (i) Prove that the curves C1 and C2 meet at the pole O and at one other point, P, in the

given domain. State the polar coordinates of P. (4 marks)

(ii) The point A is the point on the curve C1 at which y ¼ p
4
.

The point B is the point on the curve C2 at which y ¼ p
4
.

Determine which of the points A or B is further away from the pole O, justifying

your answer. (2 marks)

(iii) Show that the area of the region bounded by the arc OP of C1 and the arc OP of C2
is ap þ b

ffiffiffi
3
p

, where a and b are rational numbers. (10 marks)

END OF QUESTIONS
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1 The function yðxÞ satisfies the differential equation

dy

dx
¼ fðx, yÞ

fðx, yÞ ¼ y� x

y2 þ x
where

yð1Þ ¼ 2and

(a) Use the Euler formula

yrþ1 ¼ yr þ h fðxr, yrÞ

with h ¼ 0:1 , to obtain an approximation to yð1:1Þ . (3 marks)

(b) Use the formula

yrþ1 ¼ yr�1 þ 2h fðxr, yrÞ

with your answer to part (a), to obtain an approximation to yð1:2Þ , giving your

answer to three decimal places. (3 marks)

2 Find

lim
x! 0

ffiffiffiffiffiffiffiffiffiffiffi
4þ x
p

� 2

xþ x2

� �
(3 marks)

3 Solve the differential equation

d2y

dx2
þ 2

dy

dx
þ 10y ¼ 26ex

given that y ¼ 5 and
dy

dx
¼ 11 when x ¼ 0 . Give your answer in the form

y ¼ fðxÞ . (10 marks)
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4 (a) By using an integrating factor, find the general solution of the differential equation

dy

dx
þ 2

x
y ¼ ln x (7 marks)

(b) Hence, given that y! 0 as x! 0 , find the value of y when x ¼ 1 . (3 marks)

5 (a) Explain why

ð1
1
2

xð1� 2xÞ
x2 þ 3e4x

dx is an improper integral. (1 mark)

(b) By using the substitution u ¼ x2e�4x þ 3 , find

ð
xð1� 2xÞ
x2 þ 3e4x

dx (3 marks)

(c) Hence evaluate

ð1
1
2

xð1� 2xÞ
x2 þ 3e4x

dx , showing the limiting process used. (4 marks)

6 (a) Given that y ¼ ln cos 2x , find
d4y

dx4
. (6 marks)

(b) Use Maclaurin’s theorem to show that the first two non-zero terms in the expansion,

in ascending powers of x, of ln cos 2x are �2x2 � 4
3
x4 . (3 marks)

(c) Hence find the first two non-zero terms in the expansion, in ascending powers of x,

of ln sec2 2x . (2 marks)
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7 It is given that, for x 6¼ 0 , y satisfies the differential equation

x
d2y

dx2
þ 2ð3xþ 1Þ dy

dx
þ 3yð3xþ 2Þ ¼ 18x

(a) Show that the substitution u ¼ xy transforms this differential equation into

d2u

dx2
þ 6

du

dx
þ 9u ¼ 18x (4 marks)

(b) Hence find the general solution of the differential equation

x
d2y

dx2
þ 2ð3xþ 1Þ dy

dx
þ 3yð3xþ 2Þ ¼ 18x

giving your answer in the form y ¼ fðxÞ . (8 marks)

8 The diagram shows a sketch of the curve C with polar equation

r ¼ 3þ 2 cos y , 04y4 2p

(a) Find the area of the region bounded by the curve C. (6 marks)

(b) A circle, whose cartesian equation is ðx� 4Þ2 þ y2 ¼ 16 , intersects the curve C at

the points A and B.

(i) Find, in surd form, the length of AB . (6 marks)

(ii) Find the perimeter of the segment AOB of the circle, where O is the pole. (3 marks)
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1 The function yðxÞ satisfies the differential equation

dy

dx
¼ fðx, yÞ

fðx, yÞ ¼
ffiffiffiffiffiffiffiffiffi
ð2xÞ

p
þ ffiffiffi

y
p

where

yð2Þ ¼ 9and

Use the improved Euler formula

yrþ1 ¼ yr þ 1
2
ðk1 þ k2Þ

where k1 ¼ hfðxr, yrÞ and k2 ¼ hfðxr þ h, yr þ k1Þ and h ¼ 0:25 , to obtain an

approximation to yð2:25Þ , giving your answer to two decimal places. (5 marks)

2 (a) Write down the expansion of sin 2x in ascending powers of x up to and including

the term in x5. (1 mark)

(b) Show that, for some value of k,

lim
x! 0

2x� sin 2x

x2 lnð1þ kxÞ

� �
¼ 16

and state this value of k. (4 marks)

3 The diagram shows a sketch of a curve C, the pole O and the initial line.

The polar equation of C is

r ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan y
p

, � p
4
4y4

p
4

Show that the area of the shaded region, bounded by the curve C and the initial line,

is
p
2
� ln 2 . (4 marks)

P50013/Jun12/MFP3

O
Initial line

(02)

PMT



3

4 (a) By using an integrating factor, find the general solution of the differential equation

dy

dx
þ 4

2xþ 1
y ¼ 4ð2xþ 1Þ5

giving your answer in the form y ¼ fðxÞ . (7 marks)

(b) The gradient of a curve at any point ðx, yÞ on the curve is given by the differential

equation

dy

dx
¼ 4ð2xþ 1Þ5 � 4

2xþ 1
y

The point whose x-coordinate is zero is a stationary point of the curve. Using your

answer to part (a), find the equation of the curve. (3 marks)

5 (a) Find

ð
x2e�x dx . (4 marks)

(b) Hence evaluate

ð1
0

x2e�x dx , showing the limiting process used. (3 marks)

6 It is given that y ¼ lnð1þ sin xÞ .

(a) Find
dy

dx
. (2 marks)

(b) Show that
d2y

dx2
¼ �e�y . (3 marks)

(c) Express
d4y

dx4
in terms of

dy

dx
and e�y . (3 marks)

(d) Hence, by using Maclaurin’s theorem, find the first four non-zero terms in the

expansion, in ascending powers of x, of lnð1þ sin xÞ . (3 marks)
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7 (a) Show that the substitution x ¼ et transforms the differential equation

x2
d2y

dx2
� 4x

dy

dx
þ 6y ¼ 3þ 20 sinðln xÞ

d2y

dt2
� 5

dy

dt
þ 6y ¼ 3þ 20 sin tinto (7 marks)

(b) Find the general solution of the differential equation

d2y

dt2
� 5

dy

dt
þ 6y ¼ 3þ 20 sin t (11 marks)

(c) Write down the general solution of the differential equation

x2
d2y

dx2
� 4x

dy

dx
þ 6y ¼ 3þ 20 sinðln xÞ (1 mark)

8 (a) A curve has cartesian equation xy ¼ 8 . Show that the polar equation of the curve is

r2 ¼ 16 cosec 2y . (3 marks)

(b) The diagram shows a sketch of the curve, C, whose polar equation is

r2 ¼ 16 cosec 2y , 0 < y <
p
2

(i) Find the polar coordinates of the point N which lies on the curve C and is closest to

the pole O. (2 marks)

(ii) The circle whose polar equation is r ¼ 4
ffiffiffi
2
p

intersects the curve C at the points P

and Q. Find, in an exact form, the polar coordinates of P and Q. (4 marks)

(iii) The obtuse angle PNQ is a radians. Find the value of a , giving your answer to three

significant figures. (5 marks)
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1 It is given that yðxÞ satisfies the differential equation

dy

dx
¼ fðx, yÞ

fðx, yÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2xþ y

p
where

yð3Þ ¼ 5and

(a) Use the Euler formula

yrþ1 ¼ yr þ hfðxr, yrÞ

with h ¼ 0:2 , to obtain an approximation to yð3:2Þ, giving your answer to four

decimal places. (3 marks)

(b) Use the formula

yrþ1 ¼ yr�1 þ 2hfðxr, yrÞ

with your answer to part (a), to obtain an approximation to yð3:4Þ, giving your

answer to three decimal places. (3 marks)

2 (a) Write down the expansion of e3x in ascending powers of x up to and including the

term in x2. (1 mark)

(b) Hence, or otherwise, find the term in x2 in the expansion, in ascending powers of x,

of e3xð1þ 2xÞ
�3
2 . (4 marks)

3 It is given that the general solution of the differential equation

d2y

dx2
� 2

dy

dx
þ y ¼ 0

is y ¼ exðAxþ BÞ . Hence find the general solution of the differential equation

d2y

dx2
� 2

dy

dx
þ y ¼ 6ex (5 marks)
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4 (a) Explain why

ð1
0
x4 ln x dx is an improper integral. (1 mark)

(b) Evaluate

ð1
0
x4 ln x dx , showing the limiting process used. (6 marks)

5 (a) Show that tan x is an integrating factor for the differential equation

dy

dx
þ sec2 x

tan x
y ¼ tan x (2 marks)

(b) Hence solve this differential equation, given that y ¼ 3 when x ¼ p
4
. (6 marks)

6 (a) It is given that y ¼ lnðe3x cos xÞ .

(i) Show that
dy

dx
¼ 3� tan x . (3 marks)

(ii) Find
d4y

dx4
. (3 marks)

(b) Hence use Maclaurin’s theorem to show that the first three non-zero terms in the

expansion, in ascending powers of x, of lnðe3x cos xÞ are 3x� 1
2
x2 � 1

12
x4 .

(3 marks)

(c) Write down the expansion of lnð1þ pxÞ , where p is a constant, in ascending powers

of x up to and including the term in x2. (1 mark)

(d) (i) Find the value of p for which lim
x! 0

1

x2
ln

e3x cos x

1þ px

� �� �
exists.

(ii) Hence find the value of lim
x! 0

1

x2
ln

e3x cos x

1þ px

� �� �
when p takes the value found in

part (d)(i). (4 marks)
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7 (a) Find the general solution of the differential equation

d2y

dt2
� 6

dy

dt
þ 10y ¼ e2t

giving your answer in the form y ¼ fðtÞ . (6 marks)

(b) Given that x ¼ t
1
2 , x > 0 , t > 0 and y is a function of x, show that

d2y

dx2
¼ 4t

d2y

dt2
þ 2

dy

dt
(5 marks)

(c) Hence show that the substitution x ¼ t
1
2 transforms the differential equation

x
d2y

dx2
� ð12x2 þ 1Þ dy

dx
þ 40x3y ¼ 4x3e2x

2

into

d2y

dt2
� 6

dy

dt
þ 10y ¼ e2t (2 marks)

(d) Hence write down the general solution of the differential equation

x
d2y

dx2
� ð12x2 þ 1Þ dy

dx
þ 40x3y ¼ 4x3e2x

2
(1 mark)
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8 The diagram shows a sketch of a curve.

The polar equation of the curve is

r ¼ sin 2y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 1

2
cos y

� �s
, 04y4

p
2

The point P is the point of the curve at which y ¼ p
3
.

The perpendicular from P to the initial line meets the initial line at the point N .

(a) (i) Find the exact value of r when y ¼ p
3
. (2 marks)

(ii) Show that the polar equation of the line PN is r ¼ 3
ffiffiffi
3
p

8
sec y . (2 marks)

(iii) Find the area of triangle ONP in the form
k
ffiffiffi
3
p

128
, where k is an integer. (2 marks)

(b) (i) Using the substitution u ¼ sin y , or otherwise, find
ð
sinn y cos y dy , where n5 2 .

(2 marks)

(ii) Find the area of the shaded region bounded by the line OP and the arc OP of the

curve. Give your answer in the form ap þ b
ffiffiffi
3
p
þ c , where a, b and c are constants.

(8 marks)
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2

1 It is given that yðxÞ satisfies the differential equation

dy

dx
¼ fðx, yÞ

where fðx, yÞ ¼ ðx� yÞ
ffiffiffiffiffiffiffiffiffiffiffi
xþ y
p

and yð2Þ ¼ 1

Use the improved Euler formula

yrþ1 ¼ yr þ 1
2
ðk1 þ k2Þ

where k1 ¼ hfðxr, yrÞ and k2 ¼ hfðxr þ h, yr þ k1Þ and h ¼ 0:2 , to obtain an

approximation to yð2:2Þ , giving your answer to three decimal places. (5 marks)

2 The Cartesian equation of a circle is ðxþ 8Þ2 þ ð y� 6Þ2 ¼ 100 .

Using the origin O as the pole and the positive x-axis as the initial line, find the

polar equation of this circle, giving your answer in the form r ¼ p sin y þ q cos y .
(4 marks)

3 (a) Find the values of the constants a, b and c for which aþ bxþ cxe�3x is a particular

integral of the differential equation

d2y

dx2
þ 2

dy

dx
� 3y ¼ 3x� 8e�3x (5 marks)

(b) Hence find the general solution of this differential equation. (3 marks)

(c) Hence express y in terms of x, given that y ¼ 1 when x ¼ 0 and that
dy

dx
! �1 as

x!1 . (4 marks)

4 Evaluate the improper integral

ð1
0

2x

x2 þ 4
� 4

2xþ 3

� �
dx

showing the limiting process used and giving your answer in the form ln k, where k

is a constant. (6 marks)

P61328/Jun13/MFP3

(02)

PMT



3

5 (a) Differentiate lnðln xÞ with respect to x. (1 mark)

(b) (i) Show that ln x is an integrating factor for the first-order differential equation

dy

dx
þ 1

x ln x
y ¼ 9x2, x > 1 (2 marks)

(ii) Hence find the solution of this differential equation, given that y ¼ 4e3 when x ¼ e .

(6 marks)

6 It is given that y ¼ ð4þ sin xÞ
1
2 .

(a) Express y
dy

dx
in terms of cos x . (2 marks)

(b) Find the value of
d3y

dx3
when x ¼ 0 . (5 marks)

(c) Hence, by using Maclaurin’s theorem, find the first four terms in the expansion, in

ascending powers of x, of ð4þ sin xÞ
1
2 . (2 marks)

7 A differential equation is given by

sin2 x
d2y

dx2
� 2 sin x cos x

dy

dx
þ 2y ¼ 2 sin4 x cos x , 0 < x < p

(a) Show that the substitution

y ¼ u sin x

where u is a function of x, transforms this differential equation into

d2u

dx2
þ u ¼ sin 2x (5 marks)

(b) Hence find the general solution of the differential equation

sin2 x
d2y

dx2
� 2 sin x cos x

dy

dx
þ 2y ¼ 2 sin4 x cos x

giving your answer in the form y ¼ fðxÞ . (6 marks)
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8 The diagram shows a sketch of a curve and a circle.

The polar equation of the curve is

r ¼ 3þ 2 sin y , 04y4 2p

The circle, whose polar equation is r ¼ 2 , intersects the curve at the points P and Q,

as shown in the diagram.

(a) Find the polar coordinates of P and the polar coordinates of Q. (3 marks)

(b) A straight line, drawn from the point P through the pole O, intersects the curve again

at the point A.

(i) Find the polar coordinates of A. (2 marks)

(ii) Find, in surd form, the length of AQ. (3 marks)

(iii) Hence, or otherwise, explain why the line AQ is a tangent to the circle r ¼ 2 .

(2 marks)

(c) Find the area of the shaded region which lies inside the circle r ¼ 2 but outside the

curve r ¼ 3þ 2 sin y . Give your answer in the form
1
6
m
ffiffiffi
3
p
þ np

� �
, where m and n

are integers. (9 marks)
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Answer all questions.

Answer each question in the space provided for that question.

1 It is given that yðxÞ satisfies the differential equation

dy

dx
¼ fðx, yÞ

where fðx, yÞ ¼ lnðxþ yÞ
ln y

and yð6Þ ¼ 3

Use the improved Euler formula

yrþ1 ¼ yr þ 1
2
ðk1 þ k2Þ

where k1 ¼ hfðxr, yrÞ and k2 ¼ hfðxr þ h, yr þ k1Þ and h ¼ 0:4 , to obtain an

approximation to yð6:4Þ, giving your answer to three decimal places.

[5 marks]

Answer space for question 1
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2 (a) Find the values of the constants a, b and c for which aþ b sin 2xþ c cos 2x is a

particular integral of the differential equation

dy

dx
þ 4y ¼ 20� 20 cos 2x

[4 marks]

(b) Hence find the solution of this differential equation, given that y ¼ 4 when x ¼ 0 .
[4 marks]

Answer space for question 2
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3 A curve has polar equation rð4� 3 cos yÞ ¼ 4 . Find its Cartesian equation in the

form y2 ¼ fðxÞ .
[4 marks]

Answer space for question 3
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4 Solve the differential equation

d2y

dx2
� 2

dy

dx
� 3y ¼ 2e�x

given that y! 0 as x!1 and that
dy

dx
¼ �3 when x ¼ 0 .

[10 marks]

Answer space for question 4
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5 (a) Find

ð
x cos 8x dx .

[3 marks]

(b) Find
lim
xfi 0

1

x
sin 2x

� �
.

[2 marks]

(c) Explain why

ðp
4

0

2 cot 2x� 1

x
þ x cos 8x

� �
dx is an improper integral.

[1 mark]

(d) Evaluate

ð p
4

0

2 cot 2x� 1

x
þ x cos 8x

� �
dx , showing the limiting process used. Give

your answer as a single term.
[4 marks]

Answer space for question 5
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6 (a) By using an integrating factor, find the general solution of the differential equation

du

dx
� 2x

x2 þ 4
u ¼ 3ðx2 þ 4Þ

giving your answer in the form u ¼ fðxÞ .
[6 marks]

(b) Show that the substitution u ¼ x2
dy

dx
transforms the differential equation

x2ðx2 þ 4Þ d
2y

dx2
þ 8x

dy

dx
¼ 3ðx2 þ 4Þ2

into

du

dx
� 2x

x2 þ 4
u ¼ 3ðx2 þ 4Þ

[4 marks]

(c) Hence, given that x > 0 , find the general solution of the differential equation

x2ðx2 þ 4Þ d
2y

dx2
þ 8x

dy

dx
¼ 3ðx2 þ 4Þ2

[2 marks]

Answer space for question 6
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7 (a) It is given that y ¼ lnðcos xþ sin xÞ .

(i) Show that
d2y

dx2
¼ � 2

1þ sin 2x
.

[4 marks]

(ii) Find
d3y

dx3
.

[1 mark]

(b) (i) Hence use Maclaurin’s theorem to show that the first three non-zero terms in the

expansion, in ascending powers of x, of lnðcos xþ sin xÞ are x� x2 þ 2

3
x3 .

[3 marks]

(ii) Write down the first three non-zero terms in the expansion, in ascending powers of x,
of lnðcos x� sin xÞ .

[1 mark]

(c) Hence find the first three non-zero terms in the expansion, in ascending powers of x,

of ln
cos 2x

e3x�1

� �
.

[4 marks]

Answer space for question 7
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8 The diagram shows a sketch of a curve C, the pole O and the initial line. The

curve C intersects the initial line at the point P.

The polar equation of C is r ¼ ð1� tan2 yÞ sec y , � p
4
4y4

p
4
.

(a) Show that the area of the region bounded by the curve C is
8

15
.

[5 marks]

(b) The curve whose polar equation is

r ¼ 1

2
sec3 y , � p

4
4y4

p
4

intersects C at the points A and B.

(i) Find the polar coordinates of A and B.
[3 marks]

(ii) Given that angle OAP ¼ angle OBP ¼ a , show that tan a ¼ k
ffiffiffi
3
p

, where k is an

integer.

[4 marks]

(iii) Using your value of k from part (b)(ii), state whether the point A lies inside or lies

outside the circle whose diameter is OP . Give a reason for your answer.

[1 mark]
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Answer all questions.

Answer each question in the space provided for that question.

1 It is given that yðxÞ satisfies the differential equation

dy

dx
¼ fðx, yÞ

where fðx, yÞ ¼ xþ y2

x

and yð2Þ ¼ 5

(a) Use the Euler formula

yrþ1 ¼ yr þ hfðxr, yrÞ

with h ¼ 0:05 , to obtain an approximation to yð2:05Þ.
[2 marks]

(b) Use the formula

yrþ1 ¼ yr�1 þ 2hfðxr, yrÞ

with your answer to part (a), to obtain an approximation to yð2:1Þ, giving your answer

to three significant figures.

[3 marks]
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2 By using an integrating factor, find the solution of the differential equation

dy

dx
þ ðtan xÞy ¼ tan3 x sec x

given that y ¼ 2 when x ¼ p
3
.

[9 marks]

Answer space for question 2
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3 (a) (i) Write down the expansion of lnð1þ 2xÞ in ascending powers of x up to and including

the term in x4.
[1 mark]

(ii) Hence, or otherwise, find the first two non-zero terms in the expansion of

ln½ð1þ 2xÞð1� 2xÞ�

in ascending powers of x and state the range of values of x for which the expansion is

valid.

[3 marks]

(b) Find
lim
xfi 0

3x� x
ffiffiffiffiffiffiffiffiffiffiffi
9þ x
p

ln½ð1þ 2xÞð1� 2xÞ�

� �
.

[4 marks]
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4 (a) Explain why

ð1
2

x� 2Þe�2x dx
�

is an improper integral.

[1 mark]

(b) Evaluate

ð1
2

x� 2Þe�2x dx
�

, showing the limiting process used.

[6 marks]
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5 (a) Find the general solution of the differential equation

d2y

dx2
þ 6

dy

dx
þ 9y ¼ 36 sin 3x

[7 marks]

(b) It is given that y ¼ fðxÞ is the solution of the differential equation

d2y

dx2
þ 6

dy

dx
þ 9y ¼ 36 sin 3x

such that fð0Þ ¼ 0 and f
0ð0Þ ¼ 0 .

(i) Show that f
0 0ð0Þ ¼ 0 .

[1 mark]

(ii) Find the first two non-zero terms in the expansion, in ascending powers of x, of fðxÞ .
[3 marks]
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6 A differential equation is given by

4
ffiffiffiffiffi
x5
p d2y

dx2
þ ð2

ffiffiffi
x
p
Þy ¼

ffiffiffi
x
p
ðln xÞ2 þ 5, x > 0

(a) Show that the substitution x ¼ e2t transforms this differential equation into

d2y

dt2
� 2

dy

dt
þ 2y ¼ 4t2 þ 5e�t

[7 marks]

(b) Hence find the general solution of the differential equation

4
ffiffiffiffiffi
x5
p d2y

dx2
þ ð2

ffiffiffi
x
p
Þy ¼

ffiffiffi
x
p
ðln xÞ2 þ 5, x > 0

[10 marks]
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7 The diagram shows the sketch of a curve C1.

The polar equation of the curve C1 is

r ¼ 1þ cos 2y, � p
2
4y4

p
2

(a) Find the area of the region bounded by the curve C1 .

[5 marks]

(b) The curve C2 whose polar equation is

r ¼ 1þ sin y, � p
2
4y4

p
2

intersects the curve C1 at the pole O and at the point A. The straight line drawn

through A parallel to the initial line intersects C1 again at the point B.

(i) Find the polar coordinates of A.
[4 marks]

(ii) Show that the length of OB is
1

4

� ffiffiffiffiffi
13
p

þ 1

�
.

[6 marks]

(iii) Find the length of AB , giving your answer to three significant figures.

[3 marks]
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